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Apparent reaction rates and reaction kinetics of thermostable DNA polymerases at different temperatures depend profoundly on the nature of the DNA target.  Accordingly, they are not suitable for many experimental applications or for rigorous theoretical modeling of biochemical processes that involve polymerase-aided DNA extension reactions.  In this paper we, for the first time, report the intrinsic reaction kinetic parameters of the Taq Polymerase at different temperatures. By developing a non-radioactive method for quantitatively monitoring the nucleotide incorporation, we determined KM and kcat for the Taq polymerase. Furthermore, we built a model to simulate the evolution of substrate and product concentration over time, and analyzed the robustness of this model to uncertainty in the experimentally determined kinetic parameters. Together, this report provides an experimental framework for characterizing the intrinsic kinetic parameters of DNA polymerases, in addition to a computational kinetic model of thermostable polymerases that can be used to compute (rather than measure) the amount of fully extended DNA product at any given time over a range of operating temperatures, hence enabling the calculation of PCR extension time for any given DNA template in a computer controlled fashion.
+These authors contributed equally to this work.

INTRODUCTION
Thermostable DNA polymerases play a critical role in various biotechnology processes. Among the numerous thermostable DNA polymerases, the earliest and the most popular is the Taq DNA Polymerase isolated from Thermus aquaticus YT 1.  Taq DNA polymerase consists of a single 832-amino acid polypeptide chain with molecular weight of about 94,000. It has 5’ to 3’ but no 3’ to 5’ (or proofreading) exonuclease activity. First introduced to the Polymerase Chain Reaction (PCR) in 1988, it changed the fate of the PCR reaction by making it possible to run multiple cycles without the need to replenish the enzyme at every cycle (Saiki et al. 1988). In spite of the fact that other thermostable and thermoactive polymerases  - including those that have either a) only 3’- 5’(proofreading) but no 5’ to 3’ exonuclease activity, such as the Vent (Tli) DNA polymerase or the Pfu DNA polymerase, or b) neither 3’-5’ nor 5’-3’ exonuclease acivity such as the Stoffel Fragment  - have since been introduced (Abramson 1995), the Taq Polymerase still remains the workhorse in many molecular biology and PCR applications. It greatly improves yield, automation, and utility of PCR reaction and because of the lack of 3’ to 5’ exonuclease activity, is also suitable for error-prone PCR [REF], amplification and sequencing of long stretches of DNA (Innis et. al. 1988).

In spite of their importance, the intrinsic kinetic parameters of most thermostable DNA polymerases have not been quantified. This has been an impediment to the full exploitation of their usefulness in specialized molecular biotechnology techniques including in the PCR. In our work with PCR, for instance, we were able to make massive improvement in amplification efficiencies of high GC-targets by manipulating the melting Tm parameters of dsDNA based on thorough understanding of the kinetics of dsDNA denaturation (Chakrabarti 2002, 2003; Chakrabarti and Schutt 2001-I, 2001-II, 2002, 2005, 2007, 2010). Further optimization in PCR efficiency, particularly in such high interest areas as modeling based optimal control of PCR results and multiplexing, would require detailed knowledge about the intrinsic catalytic reaction rates of the enzyme at different temperatures, particularly below the temperature for their optimal activity (Marimuthu and Chakrabarti, 2012-I, 2012-II).  

In order to accurately evaluate the intrinsic kinetics of Taq, we first need to establish an experimental framework to quantify the rate of dNTP incorporation. In particular, we would like to use a DNA substrate that represents typical substrate in PCR applications and does not form secondary structure. It is also highly desired to develop a robust, reliable, and straightforward assay to quantify dsDNA.
Previous reports on DNA polymerase kinetics mostly employed two broad classes of substrates: a) activated genomic DNAs namely, the activated salmon sperm DNA or the activated Calf thymus DNA [Kong et al. 1993; Lawyer et al. 1989] and b) primed M13 ssDNAs containing different primers (Kong et al. 1993; Lawyer et al. 1989; Innis et al. 1988; Abramson et al 1990; Tveit et al 2000). However, neither the M13 ssDNA nor the activated salmon sperm DNA represent typical substrates used in PCR or other biotechnology processes. In majority of polymerase reactions the substrate is small to medium length ssDNA template (50 to 500 bases) - annealed generally to a small (10 to 20 bases long) open-ended (unobstructed for extension at the 3’ end) oligomeric primer. However, activated salmon sperm and calf thymus DNAs are large genomic DNA, with extension sites flanked and/or blocked by large duplex structures. Polymerase assisted dNTP incorporation in this substrate involves gap filling and strand replacement extensions. This type of extension processes is not typical of common applications of the polymerase extension reactions like the PCR. For different reasons, the large M13 ssDNA templates with molecular size of the order of 7.25 kilobases, also do not represent common PCR templates. It is likely that such a large genomic DNA will harbor secondary structures, which, if present, would inhibit or slow down the extension reactions. Presence and prevalence of secondary structures that may fall on the path of the primer extension will depend on the location on the template where the primer is attached and as such differences in apparent extension rates would be expected based on particular pairs of primed M13 used in the experiments. As with templates, secondary structures in the primer may also interfere with extension reactions. 
The above discussion points to the fact that intrinsic reaction rates of a DNA polymerase cannot be accurately determined by using either the activated salmon sperm DNA or a ssDNA/primer complex where either the ssDNA template or the primer are prone to forming secondary structures.  In addition, in order that reaction kinetics can be studied both at lower and higher temperatures, say at temperatures ranging from 50 oC to 75 oC, the primer should have a Tm equal to or higher than the than the highest temperature to be studied. In this study we overcome these difficulties by using a synthetic template-primer pair, comprising of a 80-mer synthetic ssDNA with an overall GC content of 47.5% and designed to e show little secondary structures and yet containing a 17-nuc leotide stretch of high GC-containing sequence to accommodate a complementary 17-mer primer with high Tm (88% GC, Tm = 80 oC), so that the kinetics of the reaction can be studied at different temperatures and up to or beyond the temperature at which the enzyme is supposed to exhibit its highest activity.
The next issue
 that we needed to tackle was the test protocol. Most data so far available for Taq activity were obtained by a radioactivity method. This method depends upon incorporating a radio-labeled deoxyribonucleotide to the newly synthesized DNA, precipitating the DNA with ethanol in the presence of salts, centrifuging the precipitate, washing it, and determining the radioactivity in it as a measure of the newly formed DNA. Though radioactive methods have been historically hailed as the gold standards for biochemical experiments, it has four major problems when it comes to the current project. These problems are: a) Determination of Michaelis-Menten kinetics requires measurement of DNA formed from a very low to a very high conversion of a primer in a time course of experimental regiment. Since efficiency of DNA recovery by the ethanol precipitation method depends to a large extent to the amount of DNA in a sample, the lower concentration recoveries being grossly inefficient compared to the higher concentrations (Zeugin and Hartley, 1985), determination of such kinetic parameters by the radioactive method may not be very accurate. b) The precipitation method works well when the DNA is relatively large (>300bp) but for smaller DNAs particularly those with less than 100bp length (the substrate in our proposed protocol), solubility could become much too high and stand in the way of quantitative precipitation. Adding excess salt may improve precipitation but it will also run the risk of contamination by the un-reacted radio-labeled deoxyribonucleotide (Course and Amorese 1987; Nick 2007). c) The complicated nature of the radioactive method makes it unsuitable for generation of extensive data that are required for study of reaction kinetics.  d) Due to the danger and health hazard posed by radioactivity, use of radioactive methods is restricted and discouraged in many laboratories and there is a general trend to replace, wherever possible, radioactive methods by fluorescence based methods for many biotechnology studies (D’Auria and Lakowicz 2001). Fluorescence-based DNA quantitative methods depend on the fact that many DNA binding dyes fluoresce profoundly when bound only to dsDNA but not to ssDNA. Usefulness of this phenomenon for the purpose of quantitative DNA analysis is based on the assumption that the intensity of fluorescence is directly proportional to the amount of dsDNA present in the sample so that the amount of dsDNA in an unknown sample can be determined from standard calibration curves.  

In this study we first assessed secondary-structure formation of the template; then established a fluorometry-based protocol for studying the steady state reaction kinetics of the Taq polymerase, which also involves establishing target-specific standards of DNA calibration curves. We show, in support of our contention, that long ssDNA like M13 harbor secondary structures particularly at lower temperatures while the 80-mer template we designed for kinetic studies is free of secondary structures at all temperatures. Next, we confirm the comparability of the radioactivity-based results with our fluorescence-based method. After establishing the comparability of the two methods, we conduct a detailed kinetic analysis of the intrinsic reaction rates of the Taq polymerase. We provide both the intrinsic Michaelis Menten Constant (Km) of Taq for dNTPs, its intrinsic turnover number (kcat), and its catalytic efficiency (Vmax/Km) at temperatures ranging from 50 oC to 75 oC. As part of this study, we develop and present an appropriate quasi-steady state model for initial rates of polymerase extension reactions that can be applied to any polymerase. Using the kinetic parameters obtained from our experimental protocol, one is able to simulate, through a predictive kinetic model of the reaction network, the evolution of all product concentrations as the extension reaction proceeds, as well as to assess the robustness of the predictions to uncertainty in the experimentally determined parameters. Such models can be used to compute (rather than measure) the amount of fully extended DNA produced by any DNA polymerase at any given time. In particular, this would enable the calculation of PCR extension time for any given DNA template in a computer controlled fashion.
MATERIALS AND METHODS
Equipment. Fluorescence measurements were done by using the CFX96 Real Time System from Bio-Rad (software: CFX Manager ver 1.6.541.1028) for some experiments and the Lab Systems Fluoroskan Ascent Fluorescence 96/384 Well Plate Reader for most others.  

Enzyme. Taq DNA polymerase (recombinant), a single unit 94 kDa enzyme, was purchased from Invitrogen – supplied in storage buffer 20nM Tris.HCl (pH 8.0), 0.1 mM EDTA 1 mM DTT, 5% glycerol. A unit of Taq Pol 1 is universally defined as the amount of the enzyme that can incorporate 10 nmol of deoxyribonucleotide (measured by radioactive method) into acid-precipitable material in 30 minutes at 74 oC under the assay conditions: 25mM TAPS (pH 9.3), 50 mM KCl, 2mM MgCl2, 1 mM DTT, 0.2mM each of dNTP, and 0.5 mg/ml activated salmon sperm DNA.         

Genomic DNAs and Primers. Single stranded M13mp18 DNA was purchased from New England Biolabs. M13mp18 DNA is a ~7.25 kilobase ssDNA with 42% GC content. A 18-mer (-40) M13 universal primer, 5’-GTT TTC CCA GTC ACG ACG-3’ containing  55.5% GC and Calcd Tm 62 oC, was custom synthesized by Sigma Custom Oligos; this oligo, when  annealed to the M13mp18-lac template, its  5’ end lies 40 nucleotides back from the HindIII restriction site. Phage Lambda DNA (λDNA) was purchased from Invitorgen as a part of the Quant-iTtm PicoGreen dsDNA assay kit.

Synthetic DNA Templates and Primers.  A 80-mer single strand sequence (TAT2), 5’- ACA CGT TAG GAA GAT GGA ATT GAT TGG ATC GAA GGA AAT AAA AGA AAT TAA GGC AAT GGT CTC CCG TCG GCG GCG CGA GC-3’ and its reverse complementary strand (TAT2-comp) were custom synthesized by Sigma Custom Oligos. These sequences had 47.5% GC and the dsDNA from these sequences had calcd. Tm of  92 oC.  A custom synthesized 17-mer forward primer (TAP1), 5’-GCT CGC GCC GCC GAC GG-3’ (88% GC, Calcd. Tm 80 oC), for the first 80-mer sequence was also purchased from Sigma Custom Oligos.
Nucleotides. Individual deoxyribonuceoside-5’-triphosphates (dATP, dTTP, dGTP, and dCTP) as well as a dNTP mix containing equimolar quantities of all the four dNTPs were purchased from Invitrogen. 

Other Supplies. Quant-iT PicoGreen dsDNA reagent, and Taq DNA polymerase buffer were purchased from Invitrogen. EvaGreen (20x in water) was purchased from Biotium Inc. Other reagent grade chemicals, including EDTA, DTT, and MgCl2, were purchased from Sigma Aldrich. 

PicoGreen dsDNA calibration. The linear correlation between relative fluorescence units (RFU) and concentration of dsDNA was established by using (1) the TAT2 template annealed to its reverse complimentary sequence TAT2-comp, and (2) the λ-DNA standard. For λ-DNA, the λ-DNA standard provided in the Quant-iT PicoGreen dsDNA Assay Kit was diluted in 1X Taq Polymerase buffer to obtain a range of 0.25 ng to 100 ng in a volume of 20 μl. The PicoGreen reagent (in DMSO) in the kit was diluted by 178 fold in TE buffer, shortly (2 - 4 hours) before the experiment, and kept in a plastic tube protected from light. To each 20μl aliquot of lambda DNA, in separate wells of a 96-well PCR plate (low profile and unskirted), 80 μl of the diluted PicoGreen solution was added. Each λ-DNA concentration was tested in triplicate. The tubes were either vortexed and put in the CFX96 equipment (measurement in Channel 1: excitation 450-490nm; emission 515-530 nm) or in the Lab Systems Fluoroskan Ascent Fluorescence 96/384 Well Plate Reader set to measure fluorescence at 520 nm (excitation at 485 nm).  RFU values were recorded after incubation at 37 oC for 5 minutes. 6 μg of the TAT2 template was mixed with one equivalent TAT2-comp in 50 μl of Taq Polymerase buffer. The solution was heated to 95 oC, held there for 1.5 minute and slowly cooled to room temperature. The rest of the procedure was the same as in the generation of the λ-DNA standard curve. The 80 bp ds DNA sample was diluted to 0.1-50ng of dsDNA in total volume of 20 μl, which was then mixed with 80 μl of a 178-fold diluted PicoGreen reagent for fluorometry measurement. 
Determination of Taq Activity in M13mp18/primer Systems. A template primer duplex master reaction mixture was first prepared by mixing M13mp18 ssDNA (500 ng = 0.207 pmol), with 7 molar excess of the 18-mer (-40) M13 universal primer (7.7 ng = 1.414 pmol) in 1x Taq buffer (20 mM Tris-HCl, 50 mM KCl) containing 2 mM MgCl2. [Need to fix this sentence] The mixture was heated to 80 oC and cooled to room temperature by successively holding the temperatures and cooling as follows: hold at 80 oC for 1.5 minute, cool to 55 oC over 50 minutes, hold at 55 oC for 5 minutes (for slow primer annealing), cool to 45 oC over 22 minutes, and then cool to room temperature on the bench. The mixture was aliquoted in   reaction tubes and Taq polymerase, added followed by dNTPs so that the final concentrations in each 20 μl reaction volume were 500 ng template (25 ng/ μl), 0.2 U of taq (0.01U/μl) and 400 μM in dNTPs. Reactions were started as soon as the dNTPs were added. Triplicate tubes were incubated at desired temperatures (37 oC, 45 oC, 50 oC and 55 oC) in the CFX96 PCR machine for up to 10 minutes. Reactions were terminated at 1, 3, 5, 7 and 10mins of incubation by chilling to 4 oC and  adding EDTA to a final concentration of 20 mM.  Aliquots of 10 μl were then mixed with 90 μl of 1:200 dilution (in 1X TE buffer) of the PicoGreen Reagent. Fluorescence was measured in Fluoroskan Ascent Fluorescence 96/384 Well Plate Reader (at 520nm using 485 nm excitation ) after an incubation of 5mins at 37oC. Using the λ-DNA standard, also measured at 37 oC, the fluorescence RFU values of the reactions were correlated to the amount of dsDNA in ng present in the reaction. This was used to calculate the pmols of dNTPs incorporated by the enzyme (ng of dsDNA/2 equals to ng of dNTPs incorporated, since only one strand is newly synthesized; pmols of dNTPs incorported equals pg of dNTPs/324.5, where 324.5 is the average molecular weight of the dNTPs).

Michaelis Menten Kinetics of DNA Extension
We use the following reaction mechanism for the enzymatic addition of nucleotide in a DNA extension reaction [ref]:
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In the above reaction, E, SP, E.SP, E.Di.N and E.Di represent free enzyme, single strand-primer duplex, enzyme bound single strand-primer duplex, a product intermediate that has i extra nucleotides compared to single strand-primer duplex and the product that has i extra nucleotides compared to the single strand primer duplex respectively. k1 and k-1 are enzyme binding rate constants and in this study we don't focus on the estimation of these rate constants. 
,  Estimates of these rate constants have been reported for …. polymerase 
[ref]. k2, k-2 are the typical [Michaelis Menten] the on-off rate constants for nucleotide binding to the E.Di complex, and kcat is the rate constant for conversion of the E.Di.N complex into E.Di+1. . We assume that the dissociation of E.Di is not significant (mention the reference) as the nucleotide concentration is kept excess and it will quickly react with E.D​i and does not allow it to dissociate 
In this work we develop a Michaelis-Menten (MM) model for polymerase-mediated extension in order to  estimate  the catalytic rate constant kcat and the Michaelis constant associated with k2,k-2, and kcat  .  This analysis is based on the coupled network of all reactions in (1) that produce a reaction intermediate, omitting the final reaction (2) that produces fully extended DNA product complex E.Dn. Reaction (2) ends with dissociation of E from the reaction product Dn (the latter step is usually not modeled in MM kinetics). k-3 denotes the dissociation rate constant of the polymerase from the final DNA product.
Let 
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Since the concentrations of the two substrates, Di and N, are high as is typically assumed in MM kinetics formulations, a steady state approximation for the intermediates can be assumed (see Appendix) and hence, 
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Equation (3), which is derived in the Appendix, is valid under the approximation
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. (By contrast, in a standard ordered bireactants model [ref], the  product is assumed to form during the initial rate measurement. The differences between the polymerase extension MM formulation and the standard ordered bireactants model is considered further in the Appendix.)
By analogy to standard MM kinetics, the initial rate is given by
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where KN denotes the Michaelis constant for the nucleotide addition reaction and Keq,1 denotes the equilibrium constant of the enzyme binding reaction.  

Substituting the definitions of [S1],[S2], and the associated enzyme complexes into the expressions for v and [E] above,  the sum of the rates of conversion 
of each E.Di, into E.Di+1,  i=1,…,n, which is equal to the rate of nucleotide substrate depletion, can then be written 
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kcat and Kn can be determined 
given an estimate of Keq,1 by plotting 1/v against 1/[N] at constant [S1]=
[image: image8.wmf][

]

1

0

0

[]

n

i

i

DSP

-

=

»

å

. We find that according to the relationship ; 

[image: image9.wmf][

]

1

,1

0

0

1

1

11

1,(6)

[][N]

N

n

eqi

i

cat

K

KD

vkE

-

=

æö

æö

ç÷

ç÷

ç÷

ç÷

+

ç÷

ç÷

ç÷

ç÷

èø

ç÷

=+

ç÷

ç÷

ç÷

ç÷

ç÷

èø

å

 
the slope of the double reciprocal plot is 
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 and the intercept is 
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kcat and Keq,1 can be determined given an estimate of KN by plotting 1/v against 1/[S1]=
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the slope of the double reciprocal plot is 
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Of course, it is possible to simultaneously estimate both Keq and Kn if, for example, an accurate value of Keq,1 is not available
. [Since the enzyme binding rate constants are much smaller than those for nucleotide binding, it is essential to provide sufficient time for equilibration of E with SP (as was done in the current protocol) for this approach to be viable. ]

Determination of Initial Rates. The single stranded TAT2 template (80 nt, 47.5% GC) was primed by using 7 equivalent of its 17-mer forward primer TAP1 (88% GC) in 1x Taq buffer (20 mM Tris-HCl, 50 mM KCl) containing 2 mM MgCl2.  The mixture was heated to 80 °C and cooled to room temperature by successively holding the temperatures and cooling as follows: hold at 95 °C for 1.5 minute, cool to 75 °C over 30 minutes, hold at 75 °C for 5 minutes (for slow primer annealing), cool to 70 °C over 20 minutes, cool to 45 °C over 45 minutes, and then cool to room temperature on the bench. The mixture was aliquoted in reaction tubes and Taq polymerase was added followed by dNTPs so that the final concentrations in each 20 μl reaction volume were 200 nM template (5.0 ng/μl), 1400 nM primer (7.24 ng/μl), 2 μM taq (0.056 U/μl) and various concentration of dNTPs. Studies of the Michaelis Menten reaction kinetics for taq was performed at various extension temperature from 55 °C to 75 °C, at 5 °C interval. Reactions at each temperature were setup with 12 different concentrations of dNTP ranging from 2 – 1000 uM while keeping free MgCl2 concentration constantly at 2 mM, compensating for the chelation effect by dNTPs. Triplicate reaction tubes were first equilibrated in the CFX96 PCR machine at the extension temperature for 30 min before adding the dNTPs to start the reaction. Reactions were terminated at 0.33, 0.5, 0.67, 0.83, 1, 2, 3.5, 5, 6.5, 8.5 and 10 min by chilling to 4 °C and adding EDTA to a final concentration of 20 mM.  Aliquots of 20 μl reaction mixture were then mixed with 80 μl of 1:178 dilution (in 1X TE buffer) of the PicoGreen Reagent. Fluorescence was measured in Fluoroskan Ascent Fluorescence 96/384 Well Plate Reader (485 nm excitation and 520 nm emission) after an incubation of 5 min at 37 °C. The quantity of dNTP incorporated at each temperature and for each concentration were then plotted against time and the initial rate of the reactions at each temperature and each concentration was determined by fitting the reaction curve into first-order reacton model (4). 

Calculations/Analyses
Calculation of Tms of  synthetic oligomers were done using Sigma DNA Calculator, http://www.sigma-genosys.com/calc/DNACalc.asp. 

Analysis of secondary structures and of primer-dimer formation was done according to Oligo Analyzer from IDT: http://biotools.idtdna.com/analyzer/applications/oligoanalyzer/ 

All curve fittings were done using Prism 5 from GraphPad. For dNTP additions over time, equation for one-phase association kinetics was used. For rate -vs- template concentration data, the Michaelis-Menten equation was used.   

Simulation methods

By omitting the intermediate E.Di.N 
from  reaction schemes (1,2) and modeling each nucleotide addition step as a second order reaction with the same apparent rate constant kcat/Kn, we obtain a simpler model that can be used to predict the concentrations of partially extended DNA species at any time: 
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The enzyme binding/dissociation steps have also been omitted for the purpose of simplicity in the modeling, given that accurate estimates of the on-off rates k1,k-1 are not available. 


The time evolution of all the enzyme-template complexes E.Di can be predicted via a so-called state space model for the extension reaction network, assuming that the initial concentrations of all 
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Need to decompose in order to exponentiate; characteristic polynomial of A
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Roots of characteristic eqn 
Transition rate property: 
[image: image26.wmf]0

0

n

ij

i

A

=

=

å

; hence stationary eigenvector associated with eval 0

[image: image27.wmf]0

0[0,...,0,(0)]

n

T

i

i

x

lp

=

=Þ=

å


Degenerate non-Hermitian; defective equation


[image: image28.wmf][]

cat

N

k

N

K

-

 has geometric multiplicity n-1


[image: image29.wmf]1

1

(,...,)

(,...,)W

n

n

AVVdiag

AVdiag

ll

ll

+

=

¹

 since V noninvertible
Generalized eigenvectors/Jordan decomposition JCF
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where the 
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 are obtained by solving a recursive system of linear equations through so-called generalized eigenroutines.   
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exp(At) in terms of Jordan decomposition


[image: image33.wmf](

)

1

1

2

[]

0

exp()exp

exp()

1

2!

0

0

exp()

00

0001

0

cat

N

k

Nt

K

t

AtJtJ

JtJ

t

t

e

t

e

-

-

-

=L

=L

éù

éù

êú

êú

êú

êú

êú

êú

L=

êú

êú

êú

êú

êú

êú

ëû

êú

ëû

L

OLL

OL


Representation in terms of \pi + \sum_i v_iw_i^T…
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Convenient representation in terms of \tilde x(t); expressions for each \tilde x_i(t); reln of \tilde x_i’s to x_j’s above
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Small time approximation – first order model

Expression for extension time, \epsilon << 1, in terms of D(t)
In particular, given that it is possible to measure 
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 through the total fluorescence of all double stranded nucleotides, one can compare the kinetic model predictions to the laboratory measurements of this quantity:

[image: image37.wmf]0

()[0,1,...,1,n]x(t)

[0,1,...,1,n]exp()(0)(9)

n

i

i

ixtn

nAtx

=

=-

=-

å


Expansion of above expression in terms of x(t) above
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Numerical integration of the odes corresponding to reaction scheme (7) was used to simulate the dynamics of extension under conditions where the pseudo-first order approximation does not hold. Kapral et al [ref] provided a solution to a master equation formulation of polymerase extension that is valid under these conditions
, but the state space formulation above is preferable under conditions of nucleotide excess (common in PCR applications), since it is amenable to robustness analysis wherein the effects of uncertainty in the apparent rate constant kcat/Kn on model predictions can be quantified. 
Robustness analysis

E[\sum_i=0^n I x_i(t)]  and expansion in power series
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Expressions for E of powers of \lambda=-kcat/Kn (from qc paper)
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RESULTS

Determination of Secondary Structures:

Before performing kinetic assay on the synthetic DNA template, we first examined its tendency to form secondary structure. Specifically, we studied the presence of secondary structures in ssDNA at different temperatures by continuously monitoring fluorescence in the presence of EVA Green. Here we chose EVA Green because it is highly stable under high temperature with light irradiation, while binding to DNA by a single mode of interaction, preferably through intercalation only irrespective of DNA concentration and dye/DNA ratio. Figure 1 shows changes in fluorescence values in the presence of EVA Green when certain ssDNAs, both long an short, are heated from 25 oC to 80 oC.  Fluorescence was measured continuously in a Bio-Rad real-time thermal cycler. Note that florescence values of the short DNAs, that do not possess secondary structures, are low at 25 oC and these values do not change much as the temperature is increased from 25 oC to 80 oC. On the other hand, fluorescence exhibited by the long M13 ssDNA is quite high at 25 oC and this value decreases as the temperature is increased indicating melting of secondary structures. 

These results indicated that at room temperatures M13 is quite rich in secondary structures and prevalence of such structures decreases steadily with increasing temperatures until they all melt at around 75 oC. This experiment confirms our contention that M13 is not an ideal template for measuring intrinsic polymerase activity at temperatures below 75 oC, particularly below 65 oC, because the secondary structures will lead to pauses during extension. 

Figure 1 also shows fluorescence exhibited by EVA Green in short ssDNA strands that are designed not to have secondary structures. The 80-mer ssDNA template, containing 47.5% GC, that we designed for measuring intrinsic steady state reaction kinetics of Taq polymerase as well as the two other 40-mer ssDNAs with 50% and 75% GC, that our calculations showed to be free of secondary structures, exhibited only low baseline fluorescence at all temperatures, confirming that the fluorescence method can correctly identify secondary structures in ssDNA.  The 17-mer primer containing 88% GC (Tm 80 oC) that we designed for use with the 80-mer template also did not enhance EVA Green fluorescence over the background level at any temperature (results not shown), again indication absence of any secondary structures in the primer. 
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Figure 1.  Continuous monitoring of melting of secondary structures using EVA Green. Single stranded DNAs (500 ng) in taq buffer (20 μl) were heated in the presence 0.5X EVA Green from 25 oC to 80 oC at the rate of 0.2 oC/sec and fluorescence measured  (excitation 450 - 490 nm; emission 515 - 530 nm) in  Bio-Rad real-time Equipment CFX96.  M13mp18 (red); 80-mer ssDNA with 47.5% GC (blue); 40-mer ssDNAs with 50% GC (green); 40-mer ssDNA with 75% GC (purple).

Establishment of fluorescence-based extension assay 

After confirming TAT2 ssDNA exhibits minimal secondary structure formation and therefore serves good template for our kinetic study, we then turned to the detection protocol for dNTP incorporation that is quantified as increase in amount of dsDNA in the reaction mixture. Here we established a fluorescence-based assay to quantify the procession of extension, which is supposed to be more accurate and environmental friendly compared to radioactivity-based assays. 
Fluorescence-based methods for DNA analysis involve monitoring the formation or presence of dsDNA in a sample using a DNA-binding dye. The obvious choices for dyes are those that bind mostly to dsDNA (but not to ssDNA) and therefore produce pronounced enhancement in fluorescence. Many such dyes have been studied and several are commercially available. Common among them are: ethidium bromide (EtBr), SYBR Green, EVA Green, and PicoGreen. Methods for quantitative assay of dsDNA using such dyes have been described (Vitzthum et al. 1999; Wang et al. 2006; Singer et al. 1997) and some limited attempts to study polymersae activity using such dyes have also been made (Tveit and Kristensen 2000). Here we decided to use PicoGreen for our extension kinetics study because (1) PicoGreen shows >1000 fold increase in fluorescence upon binding to dsDNA compared to the unbound dye, much more sensitive than most other DNA-binding dyes; (2) it has minimal inhibitory effect on DNA polymerase activity; and (3) compared to SYBR green and EtBr, the fluorescence enhancement of PicoGreen is neither dependent on its binding mode nor the DNA sequence, generating more reliable and accurate results. Furthermore, in order to eliminate complication caused by interaction between the dye and polymerase and/or template DNA, we developed an end-point detection protocol with which the reaction is setup without PicoGreen; then quenched at various time points before adding the dye for quantification (see Method section for details).
DNA calibration curves 

We selected, as explained above, PicoGreen as the dye of choice to study polymerase reaction kinetics. For quantitative determination of amount of dsDNA formed by the polymerase extension reactions, we needed a standard calibration curve showing the relationship between fluorescence intensity and quantity of dsDNA. Figures 2 shows calibration curves for dsDNA using PicoGreen, indicating that linear relationship between fluorescence and amount of dsDNA exists up to certain concentration for the smaller oligomers. By contrast, the ssDNA TAT2-comp showed low fluorescence intensity because PicoGreen does not bind to ssDNA with high affinity. Notably, since a full-length dsDNA standard corresponding to the M13 DNA is not available, we used the λDNA calibration standard for measurement of primer extension rates in the M13mp18/universal primer system (used for comparison with radioactivity-based assay, see next section).
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Fig 2. Calibration curves of long and short DNAs at 37 oC with PicoGreen in taq buffer (0-50 ng DNA in 100 μl sample).  Fluorescence measured at 520 nm with excitation at 485 nm in Fluoroskan Ascent Fluorescence Plate Reader. Fluorescence values are average of triplicate samples.  Error bar indicates standard deviation.
In order to find out what contributed to the differences in fluorescence intensity in the presence of different DNAs as noted above, we compared fluorescence –vs- weight of DNA for three different short DNA duplexes – two 40-bp DNAs containing with 50% and 70% GC, respectively, 
and the 80-bp DNA with 47.5% GC as mentioned above, using the PicoGreen dye. All the three short DNA duplexes showed overlapping fluorescence -vs- DNA-concentration response confirming prior literature observation that PicoGreen Fluorescence is not dependent on DNA sequence (Ref    ). As is well known the fluorescence exhibited by DNA binding dyes arise from restricted conformational freedom of the dye molecules when they are bound to double-stranded DNA. We speculate that the significantly higher fluorescence intensities exhibited by the large λDNA, compared to the small DNAs, is probably caused by additional modes of DNA binding by the highly coiled structures of the former. Lacking such coiled structures, the small DNAs we tested showed identical fluorescence enhancements with PicoGreen. 

Comparison of Radioactive and PicoGreen Methods.
Next we need to confirm that results from fluorescence-based assay are comparable to those from radioactivity-based detection. As mentioned before, most published data for Taq polymerase activity were generated using radioactive dNTPs and one of two types of DNA substrates – a primed M13 DNA or an activated salmon sperm DNA.  Those studies generally involved calculating extension rates by measuring the amount of dNTP incorporated by the enzyme over a 10-minute period. Though such data could not be used for determining Michaelis-Menten kinetics, we decided to use them to study comparability of the radioactivity method with the fluorescence-based method. The PicoGreen method could not, however, be tested on activated salmon sperm DNA, since this substrate already exists mostly as double helix and the extension reactions involve only minor gap-fillings but mostly strand replacement extensions at the nicks with very little net gain in duplex structure.  Our data therefore involved extensions reactions only on a primed M13 substrate. 

Specifically, we used an M13mp18 template annealed to an 18-mer (-40) M13 universal primer, containing 55.5% GC. This primer had a Tm of 60 oC. Accordingly, it could only be reliably used to measure Taq activity at temperatures of up to 55 oC. Figure 3 graphically represents activity of Taq polymerase (pmols of dNTPs incorporated in 10 minutes under excessive substrate condition) measured by using  M13mp18 ssDNA annealed to the 18-mer M13 universal primer up to a temperature of 55 oC. Assays were based on PicoGreen end-point titration. 
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Fig. 3.  Incorporation of pmols dNTP by 1U Taq polymerase in an M13mp18 template annealed to a 18-mer universal primer at different temperatures: 55 oC to 37 oC. Fluorescence measured at 520 nm with excitation at 485 nm in Fluoroskan Ascent Fluorescence Plate Reader. Fluorescence values are average of triplicate samples. 55 oC (solid circle; red); 50 oC (solid triangle; blue); 45 oC (solid circle; yellow) and 37 oC (solid triangle; green).

The comparative activity data from the PicoGreen and the Radioactivity methods are shown in Table 1. For direct comparison the data in Table 1 are converted into pmoles of dNTP incorporated by 1 unit of the polymerase in 10 minutes. The experiments were all performed under excess substrate (both dNTPs and primed DNAs) conditions. 

Table 1: Comparison of apparent Taq polymerase activity: pmols of dNTPs incorporated in 10 minutes per unit of the Taq polymerase.  
	Exapmle Number
	Substrate
	Reference
	Method
	72-74 OC
	60 oC
	55 oC
	50 oC
	45 oC
	37 oC

	1
	M13mp18/univ. primer
	This study1
	PicoGreen
	
	
	440
	275
	160
	15

	2
	M13mp18/35-mer primer
	Tveit and Kristensen, 2000
	PicoGreen
	450-700
	NA
	NA
	NA
	NA
	NA

	3
	Modifid M13mp10/18-mer high GC primer 
	Lawyer et al., 1993
	Radioactive2
	538
	204
	108
	59
	38
	8

	4
	Activated Salmon Sperm DNA3
	Lawyer et al., 1993
	Radioactive
	3,333
	1,000
	667
	380
	233
	50


1See also Fig 3.  2Only one radioactive deoxyribonucleotide was used, [α-32P]dCTP.  3By definition prorated amount of dNTP incorporated by 1 unit of the taq at 72-74 oC is 3,333 pmols; the values at 37 oC to 60 oC are extrapolated from Figure 6 in Lawyer et al 1993.      
As can be seen, from examples 2 and 3 in Table 1, the 72-74 oC data generated by the radioactive method as well as by the PicoGreen method for the primed M13 substrates are quite comparable. However, our data generated for comparing activities at lower temperatures (37 to 55 oC) were higher than those reported by the radioactive method for the M13 system (examples 1 and 3), but were closer to the radioactivity data on activated salmon sperm DNA (example 4). The difference between our data (example 1) and Lawyer et al. data (example 3) probably lies in differences in the M13 substrates used in the two cases. Lawyer et al. used a modified M13mp10 template with a high GC-containing 129 nucleotide insert and a high GC-containing (96% GC) 17-mer primer. It is quite likely that this modified M13mp10 substrate has stronger secondary structures that might linger more tenaciously at lower temperatures than our substrate that used a lower GC-containing (55.5% GC) universal primer in an unmodified M13m18 template.  At 72 oC, however, one would expect most of the secondary structures on the M13 to be melted (see Fig 1). Thus the results of example 2 and 3 indicate that the PicoGreen method and radioactive method are inherently comparable. Using a different DNA polymerase, the Vent polymerase, Tveit and Christensen, again at 72 oC, also showed that there was no difference between results generated by the radioactivity method and the PicoGreen method ((Tveit and Kristensen, 2000).  

Michaelis-Menten Kinetics. 
After confirming the TAT2 template is free of secondary structure and establishing a fluorescence-based detection assay, we now use this system to study the intrinsic kinetics of Taq polymerase. The polymerase extension reactions depend upon two substrates – the primed DNA templates and dNTPs. Accordingly, the Michaelis-Menten kinetics can be generated by varying the concentrations of the template while keeping dNTP concentrations constant and in excess, or vice versa, namely, by varying concentrations of dNTPs while keeping the template concentration constant. In this study we focus on the extension stage of PCR reaction in which the polymerases have already been equilibrated with excessive template. Therefore, as derived in the Method section, we kept the template concentration constant, varying dNTP concentration in order to characterize KM and kcat for dNTP incorporation. In the laboratory, the quantity measured is the rate of change of total ds nucleotide concentration 
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, which according to equation (4) should obey first-order kinetics as long as the MM steady state assumptions hold.
Figure 4 shows the Michaelis-Menten plots of the activity of the Taq polymerase at various temperatures. The template used was the 80-mer synthetic ssDNA TAT2 annealed to a 17-mer ssDNA TAP1 at the 3’end. Both the template and the primer have been tested to be free of secondary structures. The individual points in the curves were obtained from time course experiments at each dNTP concentration at each temperature. The fluorescence intensity data was converted into nM of dNTP incorporated from the calibration curve (Figure 2). The kinetic parameters calculated from Figure 4 are tabulated in Table 2.
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Fig 4. Intrinsic Michaelis-Menten plots of taq polymerase activity under excess dNTP conditions using. The template was an 80-mer synthetic DNA (47.5% GC) and the primer, a 17-mer oligonucleotide with 88%GC (Tm 80 oC). The primer was used in 7 fold molar excess relative to the template. Both the template and the primers were designed and tested to be free of secondary structures.  

Table 2. Values of KM; kcat; and kcat/K for Taq polymerase at various temperature.

	Temperature / °C
	KM / μM
	kcat / (sec-1)
	kcat/KM / (μM-1 sec-1)

	50
	140 ± 10
	12.7 ± 0.4
	0.09 ± 0.01

	55
	250 ± 30
	36 ± 2
	0.14 ± 0.02

	60
	200 ± 20
	49 ± 2
	0.25 ± 0.02

	65
	220 ± 20
	71 ± 2
	0.33 ± 0.03

	70
	120 ± 10
	79 ± 3
	0.65 ± 0.07

	75
	91 ± 8
	83 ± 2
	0.91 ± 0.09


The temperature dependence 
of Taq polymerase activity was further evaluated by Arrhenius plot (Figure 5): plotting logarithm of kcat and kcat/KM, respectively, versus reciprocal of temperature. As displayed in Table 2, Both kcat and kcat/KM increase as temperature increase, and therefore logarithm of kcat and kcat/KM decrease as 1/T increase, indicating positive activation energy. Significantly, Arrhenius plot of kcat/KM, which can be viewed as the apparent rate constant of the second order reaction between the substrate (dNTP) and the enzyme, shows remarkable linearity with R2 = 0.991. On the other hand, ln (kcat) does not show linear relationship with 1/T, implying that the activation energy is decreasing as temperature increases. Mixed quantum/molecular mechanics (QM/MM) simulations of polymerase catalysis [ref PL] can provide additional insight into the molecular origins of the observed temperature dependence in kcat in  Fig. 5. The analysis of temperature dependence will help to simulate and optimize PCR extension reactions under various conditions, as specified in following section. 
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Figure 5. Arrhenius plot of Taq polymerase activity. Logarithm of kcat and kcat/KM of Taq polymerase, respectively, were plotted versus reciprocal of temperature. Linear regression was performed for Arrhenius plot of kcat/KM.
Simulation of Extension

The ultimate goal of predicting the extension product distribution via the state space model is to compute the concentration of fully extended DNA product at any temperature, so as to be able to compute extension time. In order to simplify the experimental measurements required to validate the state space model, we consider here the validation of equation (9) using the experimentally estimated values of 
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a) Comparison of experimental and model-predicted 
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b) Comparison of the experimental and model-predicted rates of change 
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 of the above measurable quantity.
In either case, we are interested in measurement times 
where the final DNA product is being formed at a substantial rate. At these times, time-invariant first order kinetics do not apply, since 
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 in equation (4), such that state space solution (9) is required to predict the values of the observable quantities.  
In PCR reactions, nucleotide concentrations are often sufficiently high throughout the extension step to justify a pseudo-first order model where 
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. Thus, in contrast to the experimental conditions we used to estimate 
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With the values of
[image: image53.wmf]cat

N

k

K
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where we have used 
(differentiating eqn (9) in the notation of the state space model)
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which also follows from (4) since 
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, and where 
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 is calculated using the value of Keq,1. Thus, in principle, approach b) would allow direct comparison of model predictions with experimental estimates of 
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 than those of a), and they rely on the uncertain parameters 
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and Keq,1. Moreover, in the context of PCR reactions, the species concentrations are typically not amenable to accurate online estimation of 
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 using this approach. Hence we focus on approach a), comparing to the result in equation (**).
Robustness Analysis


Kinetic model presented, along with temperature-dependent (indicating more data points could be obtained if desired) / independent (justify based on standard errors above) uncertainty model for the rate constants, can be used to predict moments of fully extended DNA product concentration at any time.  
Here we consider only the mean and variance of the total concentration of double stranded nucleotides 
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DISCUSSION

Taken together, here we report an experimental framework for characterizing the intrinsic kinetic properties of DNA polymerases. By using a carefully designed ssDNA template, we are able to characterize the KM with dNTPs and kcat of Taq polymerase at various temperatures with minimal interference caused by secondary-structure formation of the template. We also established a fluorescence-based detection assay that is rapid, straightforward, and environmental friendly, generating accurate and reliable results. This experimental framework can be readily applied to evaluate intrinsic kinetic properties of other DNA polymerases, providing insights in the mechanism of enzymatic reaction as well as guideline for optimizing PCR conditions.
Using this experimental framework we have built a Michaelis-Menten model of dNTP incorporation by Taq polymerase, quantifying KM and kcat at various temperatures. There are limited sources of apparent kinetics parameters available in literature. These reports were based on different primer-template complexes and therefore vary from one report to another. For instance, using an M13Mp18 DNA primed with a 24-mer primer, 5’- CGC CAG GGT TTT CCC AGT CAC GAC -3’ (62.5% GC; Calcd. Tm = 62.5 oC), Kong et al. reported taq’s apparent extension rate 67 nt/sec (4,000 nt/min) at 72 oC (Kong et al. 1993).  InvitrogenTM, a supplier of the taq polymerase, reports apparent extension rates of 35 to 100 nt/sec (elsewhere 35 - 150 nt/sec) at 72 oC. InvitrogenTM also suggests reaction rates dropping to 1 - 4 nt/sec at 37 oC and 14 – 60 nt/sec at 55 oC. These reports are comparable to our results: intrinsic turnover numbers of 36 and 83 nt/sec at 55 and 70 oC, respectively.
The range of reaction rates, 35-100 nt/sec. (or 35-150 nt/sec.) at 72 oC, quoted by InvitrogenTM, probably represents values reported for different investigators using different substrates and often without proper references. Furthermore, most of the extension rate information is not steady state kinetic data, but rather prorated values based on reactions run over certain defined time periods (normally 2 minutes to 10 minutes), under conditions of excess substrates. Additionally, as discussed above, secondary structure formation of the templates used in these studies may introduce significant interference in evaluation of kinetic properties. These factors, in addition to the different conditions (concentration of template, polymerase, Mg2+, K+; buffer composition; template and primer sequence etc.), all account for the variation in the resulted turn over number.
Particularly, both previous reports and this study show that the polymerase activity strongly depends on Mg2+ concentration. As a result, high concentration dNTPs, as Mg2+ chelators, may cause significant inhibition of Taq polymerase. In order to compensate for Mg2+ chelation by dNTPs, we increase the total concentration of MgCl2 based on calculation of free Mg2+ concentration in presence of dNTP analogs.[REF: T.J.M. Schoenmakers, et al. BioTechniques 1992, V12, p870] The Mg2+ chelation by dNTPs should also be taken into consideration in real world PCR applications.
The parameter estimation and modeling approaches presented herein can be applied to any DNA polymerase, not just thermostable polymerases. Thus, using equation (5), one can predict the distribution of polynucleotide sequences at any time under conditions of nucleotide excess. In particular, having estimated the rate constants for a given polymerase, one can use the state space model to compute the PCR extension time for any sequence using that polymerase. Extension time can therefore be computed without the use of probes.
 These calculations will be provided as part of a separate work. Experimental validation of the state space model (9) can be carried out using either solution phase or gel measurements. While direct measurement of fully extended DNA concentration is not required to validate model predictions, background noise in solution phase assays must be minimized in order to properly test the model. 
The differences between the state space model predictions from (5) and the ……… were [smaller/larger] than the measurement noise, for the measurement times sampled in the lab (check).
· Discussion on robustness analysis

The linearity of the Arrhenius plot for the apparent second order rate constant kcat/Kn in Fig. 5 over the entire working range of PCR temperatures is important for model-based PCR temperature optimization, since one can compute kcat/kn (T) at any temperature in the working range via 
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. Using kcat/Kn(T) together with the state space kinetic model, one can predict the fully extended DNA product concentration at any time for any arbitrary extension temperature protocol. Together with kinetic models for primer annealing [ref KM/RC JCP paper] and enzyme binding [ref KM/RC BP paper], one can model nonstandard PCR cycling protocols such as two-step PCR wherein extension is coupled to other PCR steps. Ultimately, the engineering methodology of optimal control theory can be used together with such kinetic models to automatically determine the optimal multistep PCR temperature cycling protocol for any amplicon of interest [ref KM/RC BP paper].

CONCLUSION

No data are available about intrinsic values of the steady state kinetic parameters of the taq polymerase.  In this paper we, for the first time, provide such data and also procedures for determining them. Taq’s intrinsic activity maximizes at 70 oC and not at the substrate-dependent apparent values of 72-80 oC as reported in the literature. Its turnover numbers (kcat) are intrinsically higher than those reported previously.  We also report intrinsic values of the Catalytic Affinity for DNA (Km(DNA)) and Catalytic Efficiencies (Vmax/Km) of taq at different temperatures. The methods we describe here should be applicable to determine intrinsic kinetic parameters of other thermostable and thermoactive polymerases. These intrinsic kinetic parameters will help in designing rigorous theoretical models for the polymerase chain reaction (PCR) as well as for other polymerase-dependent biotechnology processes.  We provide theoretical insight as to why low Km(DNA)  values (high substrate affinity) of thermoactive enzymes do not translate into high catalytic efficiencies or high turnover numbers at  lower temperatures.  
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Appendix
Assumptions of extension kinetics MM model

The steady state condition
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is used in the MM derivation of (5). This assumption
 could be validated through solution of the model with trial values of the on/off rate constants k2,k-2, although we do not examine it here, given that it is a common result in MM kinetics assuming that substrate (nucleotide) concentration is sufficiently high (as it typically is in,e.g., PCR reactions). 
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follows from the above and is also required. As long as (11) holds, there is limited formation of the final reaction product E.Dn. The time over which (11) holds (during which the initial rate measurements must be made) can be investigated through the use of a full “state space
” model of the extension  reaction network, but is self-evident for longer sequences and short measurement times. In the current work, the validity of (11) is apparent from the first-order kinetics observed in the experimental results, due to the fact that relation (4) is a first-order time invariant ode under these conditions. The time over which this steady state condition holds, and over which the reaction kinetics are first order in the substrate, is longer for extension reactions than for most single substrate enzymatic reactions.

MM formulation for extension without S1,S2 notation 
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Standard ordered bireactants MM model
Reaction scheme (1) assumes the rate of formation of Dn in reaction scheme (2) is negligible during the time of initial rate measurement, i.e.,  
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.  By contrast, in a general ordered bireactants model [ref]
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equation (4) is replaced by 
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where 
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since  
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If reaction scheme  (12) is changed to 
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for which the MM kinetic derivation of initial rates is analogous to that for reaction scheme 1, then KM,1([S2]) in eqn (13)  becomes Keq,1, resulting in an expression for the initial rate analogous to that for reaction scheme (1). 
Full derivation of standard ordered bireactants model:
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Derivation of equation (3)
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which follows from the conservation of number of molecules of 
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, i=0,..,n, which in turn follows from the steady state condition on all intermediates 
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Via use of state space matrix:
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which follows from the conservation of number of molecules, or equivalently the transition rate property of the matrix A’.
�CJ will revise the title later, after the theoretical part is properly integrated.


�Some parts of introduction are too long. CJ to compare current length to admissible journal paper length and reduce as appropriate.





�CJ to fill in


�This assumption invalidates the use of bireactants model since D0 is treated differently from other Di; moreover it is unnecessary for and complicates even a single reactant model. 


�See appendix for the same derivation without these new definitions. We will decide which one to keep before submission.


�Note this is not the same as sum of the rates of change of each E.Di because E.Di is also generated from E.Di-1


�In MM models, [E], [E.S] are in steady state whereas [S] is depleted; this typically results in first order kinetics until steady state condition violated; depending on reactant excess, first order model breaks down after particular time. Initial rates are calculated based on a particular [S]0. 





�CJ:  redo calculations using equations above. Expression for v is the same as in original single reactant formulation; difference is in expression for [E] in terms of [E]0 – original formulation considered partitioning into two intermediates separately (not exact, since formation of 2nd intermediate – not product - shifts 1st equilibrium).  Recalculate using above eqns (effect – [E]0 <- [E]0 = [E][S1]Keq,  KN/[S1]Keq,1  changes in expression for slope, intercept - likely to be small). 





Current protocol does not clearly explain how the enzyme concentration was chosen – where is Datta and Licata cited?


�This can be omitted


�Not used, not essential due to reduction of error above


�CJ decide whether to include. We can look at the magnitudes of the enzyme binding rate constants and compare them to the characteristic timescales of our current measurements. This will also help us determine whether we can omit enzyme binding from the simulation model under the assumption it is much slower than extension


�





�Optional. Consider two options: a) numerical simulation possibly w a variable temperature protocol (shorter, but someone must run code); original robustness analysis formulation is only relevant here; text commentary on state space/kapral soln;  b) analytical state space soln and kapral soln. In latter case, do not provide many details of soln – simply provide general form of solution. May not show any comparison of experimental and theoretical results. 





The enzyme binding could be included in a linear state space model for an exact result that would apply in early (enzyme excess) or late (template excess, as here, as long as nucleotides in excess) cycles of PCR.  State space would then be 2n+1 dimensional rather than n dimensional (n=2 or 3 are appropriate examples); each Di can partake in just two reactions – E association, dissociation; see previous notes on combined linear annealing/extension.  Assumption of –slow- dissociation from all E.Di (including E.SP) may need to be included, with associated state space result being an approximation. Error incurred by neglecting enzyme dissociation must be assessed in future extension time calculations.








�Note that omitting the intermediate  will result in somewhat different dynamics due to the fact that the enzyme binding equilibrium will not be shifted by the formation of the intermediate, according to the arguments given above. 


� EMBED Equation.DSMT4  ���


can be used to check the validity of this assumption. Please do this and let me know what the total concentration of all intermediates is under our assay conditions.


�Intermediate could be included in a linear model, but this may make an analytical solution impossible due to reverse reactions.


�Enzyme dissociation during extension may be related to polymerase processivity. CJ please look into processivity  and comment.


�See BP paper draft


�





To be included only if simulation methods are included.





There is only a single rate constant in the model, so the originally written section is not necessary





May insert robustness analysis based on  total DNA concentration








�Where’s the data for this conclusion?


� CJ: compare to kcat/Kn from first order fitting


�Any commentary on the fitting obtained from Innis et al data?


� 


Optional. Show results of simulation or analytical soln (see Methods). 





- Paper will be too long with much state space solution content; may show state equations for the full bireactants system along with those for reduced system, briefly indicate properties of soln. enzyme binding will definitely alter product distribution





- issues with putting current approach to state space soln in this paper: a) omission of enzyme binding, the effect of which depends on magnitudes of rate constants; b) assumption that kcat/kn is the same for all steps, all intermediate concentrations being constant, which is clearly impossible, and the time-dependent effect of which must be checked c) associated issues w robustness analysis





�Sampling times could be recommended either based on the model or based on experimental trials


�If these conditions are not used, we must use numerical simulations to make the predictions. CJ please comment.


�If enzyme dissociation is not modeled; omit  if modeling enzyme binding/dissociation


� CJ please comment: are these measurements inaccurate without a sufficiently large number of measurements to obtain the slope. Would be obtained from fitting to a non first-order model. Would the required reaction conditions decrease  signal to noise due to background fluorescence? Would  the signal to noise during PCR cycles be too low to use this method to obtain the final DNA product concentration? If not, we may portray this as another application of our experimental work, since it could be used in PCR without model simulations.





�RC will determine whether required.  





May show results of temperature-dependent robustness analysis of total DNA concentration (optional), if we can get experimental data for this.





May show results of temperature-dependent robustness analysis of fully extended DNA concentration (optional), if we can get experimental data for this (harder).





Due to assumptions above in state space model, there are some issues with robustness analysis





�CJ to comment on the experimental measurement of fully extended DNA, both offline/online. Online measurement in a PCR machine is likely to be difficult.











�If simulations included


�May move some of this to conclusion


�CJ will rewrite this section after the theoretical part is mostly done.


�Clearly this cannot hold for all i; hence the model predictions will generally be more accurate for lower i.


� 


�Consider separating final eqn with rate constant kcat’/Kn. If  the simulation methods are included, the state space model is already introduced in eqn 5
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